On braneworld cosmologies from six dimensions, and absence thereof 
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We consider (thin) braneworlds with conical singularities in six-dimensional Einstein-Gauss- 
Bonnet gravity with a bulk cosmological constant. The Gauss-Bonnet term is necessary in six 
dimensions for including non-trivial brane matter. We show that this model for axially symmetric 
bulks does not possess isotropic braneworld cosmological solutions. 
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Much work on braneworlds in six-dimensional space- 
times has been done, especially during the last two years. 
In classical six-dimensional gravity |l| or supergravity 
theories a codimension-two object induces a coni- 
cal singularity |3j, and a cancelation occurring between 
the brane tension and the bulk gravitational degrees of 
freedom gives rise to a vanishing effective cosmological 
constant. Couplings of six-dimensional gravity to sigma 
models have been discussed in £| . Other works have fo- 
cused on static/time-dependent solutions and issues of 
stability It is known that six-dimensional Einstein 
gravity cannot support a (thin gravitating) braneworld 
with a non-trivial matter content different than a brane 
tension Q. Proposals for generalizing the brane equa- 
tion of state, or deriving cosmologies have been made 
7]. The situation can be improved if a Gauss-Bonnet 
term is added to the bulk action, in which case the 
generic matching conditions of a 3-brane with conical 
singularities were derived in || (see also H E3, EH)- 
The conservation equation of the braneworld was derived 
in [l2T ]. In the present paper we consider the isotropic 
braneworld cosmology of this theory for axially symmet- 
ric bulks around the defect, and with a bulk cosmological 
constant. We show that the model is incompatible with 
such braneworld configurations. 

We consider the total gravitational brane-bulk action 

s gr = 7^2 J d6x wHii { n - 2A 6 + a (n 2 - auab n 

+ Kabcd 1l ABCD )) + d 4 xy/^\g~\ (R ~ 2A 4 ), (1) 

where calligraphic quantities refer to the bulk metric ten- 
sor g, while the regular ones to the brane metric tensor g. 
The Gauss-Bonnet coupling a has dimensions (length) 2 
and is defined as 



(2) 



with g s the string energy scale, while from the induced- 
gravity crossover lenght scale r c we can define 



Here, Mr is the fundamental six-dimensional Planck mass 
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Kq = 8-irGe, while M4 is given by M 4 = k\ 



&nGi. The brane tension is 



The field equations arising from the action Q are 
a 
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x (IZIZab - ITIacTIb ~ ^acbdT^ u +K A cdeK b ^ Ub ) 

Kzab + kI {1oc) Tab5 {2 \ (5) 



= k-qTab 

where Tab is a regular bulk energy- momentum tensor, 
Tab is the brane energy- momentum tensor, ( Loc Tab — 
Tab - ^9ab - {r 2 c /n1)GAB, and is the two- 

dimensional delta function. Capital indices A,B,... are 
six-dimensional. Assuming that the bulk metric in the 
brane-adapted coordinate system takes the axially sym- 
metric form 



ds 6 = dr +L (x,r)d(p + g^ v (x, r)dx^dx v , 



(6) 



with g^yix, 0) being the braneworld metric and tp having 
the standard periodicity 2tt, under the usual assumptions 
for conical singularities L(x, r) = (3(x)r+0(r 2 ) for r w 0, 
d r L(x, 0) = 1, d r g t _ a/ (x, 0) = 0, the general matching con- 
ditions for imbedding the 3-brane in the six-dimensional 
theory were found in Q (see also 0) as follows 
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Here, K ailv = g(V M n Q ,<9„) 



(at r = + ) denote 
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the extrinsic curvatures of the brane (symmetric in fj,, v), 
where n a (a = 1,2) are arbitrary unit normals to the 
brane (indices a,j3, ... are lowered/raised with the ma- 
trix g a p = g{n a ,np) and its inverse g a/3 ), while V (also 
denoted by ;) refers to the Christoffel connection of g. For 
extracting this singular part of equations JSJ), one has to 
focus on the worst behaving pieces with the structure 
8(r)/L ~ S(r)/r. Note that with respect to local rota- 
tions n a -> Oj s (x A )np, K atlv — » O^Kp^ transforming 
as a vector, thus Eq.(JZJ) is invariant under changes of the 
normal frame. 
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Focusing on the 0(l/r) terms in the rfi components of 
equations JSJ (which cannot be canceled by any regular 
Tab in ©) we obtain the equation 



where for abbreviating the expression we have defined 
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In ^2] it was shown that equation (jHJ is equivalent to the 
standard conservation equation on the branc 
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where | refers to the Christoffel connection 7^„a — 
giVxdvjd^) of the induced brane metric g^. Thus, we 
do not consider equation © further, but only equation 
©. 

From the 0(1/ r) part of the rr component of equations 
we obtain the following equation, valid at the position 
of the brane 

<Tg^ [ AR - (g KX g^) 2 - 3g KX ' g' KX +2a~ x ] - 8R^g' v 

-2 9 ^ k Y X ' 9kX = 0, (10) 

where a prime denotes differentiation with respect to r. 
Note that in the coordinates JfjJ it is K rjiv = g^/2, 
K VfJll/ = 0. We will transform equation i|l(J|) to an equiva- 
lent and simpler form. To do so, we contract the match- 
ing conditions (0) with g^ v 1 and replace from this equa- 
tion the last term of equation (|1U|) . Making also use of 
the trace of equations Q, equation l|10|l gets the form 



{0^+0^ + 0^)9'^ = ^ 



where 

a% = 1- 
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This equation is linear and homogeneous in the compo- 
nents of the extrinsic curvature, does not contain the 
deficit angle /?, and will facilitate our analysis. 

The only nontrivial remaining components of equa- 
tions © with a 0(1/ r) part are the [iv ones, which give 
the equation 

^-^r9 KX [T^-r{^\\\v)-T^-raT{p,9v)\ 9 aT ~ TZ ra \ T g' TT g llu ] = c 
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and an overhat means the regular part of the correspond- 
ing quantity. 

The only equations remaining to be valid on the brane 
come from the regular part of the system J5J . 

There are two cases concerning the form of the pos- 
sible braneworld solutions: (a) K allv is not identically 
zero, and (b) K aflll = 0. In the case (a) one has to 
consider all the previous equations together. In the case 
(b) the matching condition J7J) takes the form of purely 
4-dimensional Einstein gravity, equation (JHJ) implies f3 = 
constant, equations i|l(J|) . Ijllfl are identically satisfied, 
while equation (|13fl implies L" — 0. Considering the 
six-dimensional Ricci scalar, this contains singular 5(r)/r 
terms, and, in general, also terms of the form 1/r (mul- 
tiplied by g' v )- Thus, in the case (b) these last 1/r 
terms vanish, while in case (a) tidal forces appear in 
the vicinity of the braneworld. Our aim is to find any 
4-dimcnsional isotropic cosmology compatible with the 
model or to show that no such cosmology exists. We 
are interested here in a bulk with a pure cosmological 
constant Ag; however, for possible use of the present for- 
mulation elsewhere we let Tab non- vanishing. 

We consider the bulk cosmological metric of the form 

© 



ds, 



6 -dr z +L\t, r)d<p z -n z (t, r)dr + a z (t, r)7y (x)dx l dx J , 



(15) 



where 7y is a maximally symmetric 3-dimensional metric 
characterized by its spatial curvature k = —1,0,1. For 
the metric (|15fl the matching conditions Q) are written 
equivalently as 



A 2 = 
AN = 
where 
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(16) 
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with H = a/na being the Hubble parameter of the 
brane and a dot denotes differentiation with respect to 
t. Throughout, the lapse function n is left undetermined 
and does not affect the analysis since it corresponds to 
the temporal gauge choice on the brane. The matter 
on the brane is taken to be a perfect fluid with energy 
density p and pressure p = wp. Equation (jllfl takes the 
simple form 



N = fA, 



(20) 
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where 



/ = 3 



<T 3 p+<J2-cri(X + 2Y) 



cr 3 p-a2 + 3aiX 
The tt component of equation (|13|) is 
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From equations JTEJ, l(T7|) . (J20J), we can find the ex- 
trinsic curvature and the deficit angle 



(T 3 { P +9p) + 8a 2 - 6cti ( X + 3F ) 
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The regular part of the rp components of equations 
© gives on the brane 

( x - a2 +^+ 2H A)A+h(i-^)(x-a^ + 1-) 

V 4a n(3J nA V AJ\ 4a/ 
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(Note that for the case (b) equation (|2*6*)l is trivially sat- 
isfied with — 0). Similarly, the regular part of the rr 
component of equations J5J gives 
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The other regular parts of the system @ (namely, equa- 
tions <p(p, pv) contain the quantities a", n". Consider- 
ing, now, the bulk system J5J, it is expected, due to the 
Bianchi-Bach-Lanczos identities, that one of these equa- 
tions, say the ij one, is redundant and it is derived from 
the other equations of the system. Thus, both equa- 
tions l|23|l . and the ij regular part of © are redundant. 
The remaining two regular equations tpip, tt determine 
a", n", while equation (|2*z!|) gives the value of L" . Equa- 
tion J2HI), when A, /3 are substituted from (J23J, (HHJ) be- 
comes an equation for Y (i.e. H, or more precisely an 
autonomous equation for a) which is the candidate cos- 
mological equation of the model. This equation remains 
to be compatible with equation l|27fl . which means that 



the compatibility has to be checked at the order Y. For 
the case (b), equation 1)2 7|l becomes 
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which is seen to be inconsistent with the solution X = 
(f3 — <Ji)~ 1 ((j 3 p— (79— /3/4a)/3 of the matching conditions 

Q 

Continuing with the general case (a), we define the 
variables 



x = X 
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12^ 



P = <J 3 p-<72 + 3cTlX 



fi=^ (29) 



and replacing A from equation l|16|l , we write the system 
of equations (|26|l . (|27|l equivalently as 
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For = 0, equation (|3t)(l is solved for dlnfi/dlna as 

rflnfi _ QP-6fA 2 + l/2a 
dlna ~ 6(x-fca- 2 -l/12a)' 



(31) 



(32) 



Differentiating equation (|32|l and replacing in equation 
l|3ip. we obtain the following algebraic equation 

X5^4 5 +X4^ 4 + X3^ 3 + X2^ 2 +Xi^+Xo = 0, (33) 

where A = A 2 , and x's are functions of x, g = —a 3 p 
given in the appendix. Now, the system of equations i|26[l . 
(|27|l has been substituted equivalently by the system of 
equations l]32p. I|33|) . Dropping from now on T£ com- 
pletely from the notation, differentiating equation l|33|) 
once more, and comparing with equation (1.'>2I , we finally 
substitute the system of equations i|26[l . (|27|l by the al- 
gebraic system (J33J, (IMl) : 

■0 7 -4 7 + ipeA 6 + V^+V^ 4 + ^3-4 3 + ^2A 2 +lpiA+ ip = 0, 

(34) 

where ^'s are functions of x, g, given in the appendix. 
After some algebraic manipulation, the system of equa- 
tions i|33|) . (|34() is written equivalently as the following 
system 



H!^+ H = 0, 







(35) 
(36) 
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where H's, H's are functions of x, g given in the appendix. 
From equations ((35(1 . ((361) one obtains 

H(x,g) =H 2 Hg-HiH Hi + H? - 0. (37) 

This equation could still be the (first order) Hubble equa- 
tion of the model even without containing any integra- 
tion constants. However, this is not the case, since the 
consistency of equation (|37() with equation (|36|l gives 

J(x,g) ee {3{l + w)xgH 1 + [(l + 9w)g-8{a~3a 1 x)}H }n, x 
+3{l+w)g[{g+a)H 1 +9a 1 H Q ]H, e = 0,(38) 

where a = (72 + <J\/Aa. It can now be checked (e.g. 
numerically) that on the two-dimensional plane (x, g) 
the two curves H(x, g) = 0, J(x, g) = do not coin- 
cide, which completes our statement of non-existence of 
isotropic braneworld cosmologies fl3| . 

If we are interested in looking at the compatibility of 
embedding a maximally symmetric 3-brane (with R = 4£) 
carrying only a tension in a static bulk, we have to put 
in the line-element lfT5l) L(t, r) — L{r) (thus /3=constant), 
n(t,r) = n{r), and a(t,r) = n(r)a(t), where a 2 + k = 
£h(0) 2 a 2 /3. For the regular case (b), equations dJ, l(T7|) 
coincide giving 

<r a +p/4a=£(ai-p), (39) 

equations (|20J) . 1(26(1 are trivially satisfied, and equation 
((2711 gives the value of the bulk cosmological constant 

A 6 = 2£(l + 2a£/3), (40) 

making the embedding of maximally symmetric branes 
permissible. This solution generalizes known results from 
cosmic strings. For the case (a), equation (120(1 gives 

a 2 =£ai, (41) 

the matching conditions (117(1 coincide giving 

A 2 = N 2 = {£+l/Aa)/3 : (42) 

equation 1(26(1 is trivially satisfied, and equation 1(27(1 gives 
again a value for the bulk cosmological constant 

A 6 = -5/12a, (43) 

with the deficit angle (3 remaining undetermined. This 
is a new solution with a maximally symmetric 3-brane 
embedded in a six-dimensional bulk with negative cos- 
mological constant (non- AdS§), where divergences of the 
bulk scalar curvature of the form 1/r appear as approach- 
ing the brane. 

In conclusion, we have considered a codimension two 
(thin) braneworld with conical singularities in Einstein- 
Gauss-Bonnet (-induced gravity) theory with a bulk cos- 
mological constant, where the addition of the Gauss- 
Bonnet term is known to make meaningful the situation 
when non-trivial braneworld matter content is included. 
Considering all the field equations at the position of the 



brane, we have shown that for axially symmetric bulks an 
isotropic braneworld cosmological ansatz is incompatible 
with the model. Technically, this is because there is (ex- 
cluding the gauge arbitrariness) one equation more than 
the unknowns, which is finally inconsistent with the other 
equations. Having developed to some degree our formu- 
lation on a general basis, makes it also applicable to other 
braneworld configurations. It is easily seen that the case 
of a maximally symmetric 3-brane is compatible with the 
formulation. 
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Appendix We provide here the quantities x( x i 0) a P~ 
pearing in equation 1(33(1 

X5 = 9cr 2 { ( 1 + 9w) g - 4 [2er - 9o-i (2; - a - fc)] } 

^- = -2(l + 12w+27u?) e 2 +{4cr(5 + 21w)-3cri[12a(27w? 
3ai 

+30w+2) + 18fc(l + 17u; + 18i^)-(13 + 261u; + 324w 2 ) 
x] } g - 4 [8a- 2 - 3ctcti ( 1 9x + 3a - 9k) - hAofx (x - a - k)] 

X3 = (1 + 15w + 54w?) g 3 - 6{(2 + 13w - 9v?)a + 2<n[(2 + 30w 
+27v?)x-3a{2 + 23w + l8v?)~k{A+blw + bAv?)]}g 2 +3 
{{9-3lw)a 2 -Aaa l [3a{l-23w-l8v?) + 2{27v?+A2w+U) 
x - k(l 1+ 51 w + 54v?)] +3o?a:[36a(2 + 13w + 9vJ) - {32Au? 
+297w + 53)a;+12fc(5 + 30w + 27u^]}£»+2[20o 3 +243a?(3w 
-2a?) (x -a-k) + ScPaix- 9a+7fc) - 36ac^x(10x + 9a -3k)] 

X2 = 27o 2 x 3 {(13 + 9w)g+4:<j} -2a(g+a)[2a(9v?+i5w+2)g 
-34a 2 - 243ofw + 2( 1 + 9w - 9v?) g 2 } + 60m? {(8lu?+ 72w 
+ 1 1 )$+ 10cr(2a+ 9<5cri) + 2g[{29 + 63w + 5Au?)a - 9aoi 
(4 + 9 w) } } - x ( g + a) {( 1 + 2 1 w + 1 Uv?) 1 24c?+ 486a 2 w 
-360aaa 1 -[(55+339w+36v?)a-72aa 1 (2+16w+9v?)] 
g}-2k{(l + 9w-18u?)g 3 +6[{2 + 15w)cr+2a 1 {27v?+30w 
+4)x] g 2 - a[2Qo z -12(j(j 1 x+27o({2x 2 + 9w)] } - §kg{Aoa x 
{h+30w+27u?)x+9a 2 1 [{7+9w)x 2 ~9u] i -a 2 {h-27w-Qv?)} 

-^^2k{2x[(l + 6w-9v?)g 2 + {5+A2w+9v?)ag-Ua 2 ] 

+ 60-1 x 2 [ (4 + 9 w) g - 5cr] -2 7a X LO ( g + a) } - 1 8a{ g + a) (3au 
+2x 3 ) + 2x{2&(2 + 15w-9u?)g 2 + [27oiW-2acr(2-51uj 
-9u?)]g+<r(27cF 1 uj-AAa(T)}-x 2 {{l-9w-9Qv?)g 2 - 4cr 
(20cr- 63<5cti) -[36acri(2 + 9u;) -(A7 +2A3w + 3&v?)a]g} 
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Xo 



--x 2 {[(l-3w)g+Aa}x-Aa[{l + 6w)g-5a] 

-2k[(l + 3w)g-2a}}-2uj(Q+<7)(x-a-k), 



ing in equations J35J), 



where a = l/12a, w = (A 6 - k§77 + 5/12a)/6a, and 
k = k/a 2 = k(g/ Q ) 2 / 3< - 1+w \ with g > integration 
constant. 

We give here the quantities ^(x, g) appearing in equa- 
tion <EU) 



tp j =ip j +c j , 0<j<7, 



where 



ipj = 2(x-a-k){3(l+w)g[xxj, x + {g+cr)xj,g}-[{^ + Qw)g 
-8(a-3aix)]xj-i,a:-^7(l+w)aiQXj-i, g } 

(C 7 , C 6 , C 5 , C 4 , C 3 , C 2 , Ci, C ) = (-15(TiX5 , -12c7iX4 + 5CX5, 

-9criX3 + 4Cx4-5Cx5 , -6ctiX2 + 3Cx3-4Cx4 + 5Cx5, 
-3a 1 Xi + 2Cx2-3Cx3+4CX4 , Cxi-2Cx 2 + 3Cx 3 , 

-Cxi+ 2 Cx2 , Cxi) 

C = x(a;+2a)(£i+c7) 

C = (1 + 6w) £> - 5cr - 6cri(6ir - 1 la - 8fc) 

C = 6a [(1 - 2u>) g+ 3a] + 4fc[( 1 - 3io) g+4a] + 9a 1 x 2 
-2x[(l-9w)g+10a-9aai}. 



(H 2 , Hi ) = (F 3 [(C 2 - Fi (Bi-pj) + F X {B 2 -p 2 )+p 3 -B 3 l 
(F!F 2 -F 3 )[B 2 - P2 - Ci(Bi- Pl )] - (C 4 - F 2 C 2 ) (Si-pi) 
-F 2 (B 3 -p 3 ) + £ 5 -Ps) / [(F x 2 - F 2 ) [B 2 - P2 - C^Bi-pi); 
- (C 3 - Fi C 2 ) (Bi-pj) - Fi(B 3 -p 3 ) + 5 4 - P4 



( H i , H ) = p 3 - H 2 Fi ) [B 2 - P2 - Ci (Si -p^] + (C 4 - H 2 C 2 ) 
(Bi-pi) +H 2 (B 3 -p 3 ) +p 5 - B 5 , (F 2 - Hi Fi) [fl 2 -p 2 - Ci 
(B1-P1)] + (C 3 - H1C2) (Si-Pi) +Hi (B 3 -p 3 ) +p 4 - B4 

where 

(F 3 ,F 2 ,Fi)=^ 4 [Ci(Bi-pi)+p 2 - J B 2 ], (CiC3-C4)(Bi-pi) 
- C 3 {B 2 - P2 ) + B 5 -p 5l (C X C 2 - C 3 ) (Bi -pi) - C 2 (S 2 -p 2 ) 
+B 4 -p 4 ) / [(C? - C 2 )(Bi -pi) - d{B 2 - P2 ) + B 3 -p 3 ] 



(C 4 , C 3 , C 2) Ci) = fe 5 (Bi-pi) , B 4 (Bi-pi) +p 5 - B 5 , B 3 {B 1 



-Pi) +p 4 - Bi, B 2 (Si-pi) +p 3 -Bj /(B 2 - B 2 -B1P1+P2) 
(B 5 , B^ B 3 , B 2 ,Bi) = ^7,P5(pi-<7i)+g6,P4(pi-qi)+<75-P5, 

Pi.Pl- 9l) +<Z4-P4, P2 (Pl-«l) + ?3 -P3) / (P?-P2 "Pi 31+92) 



We provide now the quantities H(a;, p), H(a;, g) appear- and p, = x.i/xo (1 < * < 5), gj = ipj/ipa (1 < j < 7). 
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